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A Practical Model for Computing Subsurface BRDF of
Homogeneous Materials with A Thin Layer of Paint

Ke Chen - Charly Collin -

Abstract This paper presents a practical model for
computing the subsurface BRDF of materials composed
of a homogeneous semi-infinite layer and a thin painted
layer on the top. Solution of light propagation inside
a scattering/absorbing medium is expensive. We pro-
pose a fast and exact subsurface BRDF computation
model using the Ambartsumian’s integral equation for
the bottom layer and using invariant imbedding method
to modify the subsurface BRDF when a thin layer of
material is painted on top. By using this model, we
avoid the expensive light transport computation inside
the material and compute the subsurface BRDF of the
material directly. We validate our model against the so-
lutions from a standard discrete ordinate (DOM) based
light transport solver and demonstrate our model by
simulating a variety of materials.

Keywords BRDF - light transport - realistic image
synthesis - invariant imbedding - Ambartsumian’s
integral equation

1 Introduction

Accurately modeling the light interaction with the ma-
terial is important and challenging for realistic image
synthesis. Although many physics processes are involved
in this interaction, the reflectance profile is of particular
importance for its prominent visual effects. Reflection,
usually described as a bidirectional reflectance distribu-
tion function (BRDF) [13], can be broadly separated in-
to two parts: surface and subsurface BRDF as described
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by Hanrahan and Krueger [8]. Though for computa-
tional convenience the subsurface BRDF along with the
diffuse part of the surface BRDF is often approximated
as directionally independent Lambertian term, for most
real world materials the subsurface BRDF is direction-
ally dependent [8], which means subsurface BRDF may
not be a constant for all outgoing directions. Kubelka-
Munk method [11] is an often used method for comput-
ing directionally independent subsurface BRDF. Most
of the recent works on subsurface BRDF have been
based on the diffusion approximation theory [7], which
also do not take into account the directional property.
Although Blinn [2] used single scattering approxima-
tion to address the directional dependency problem, a
physically correct subsurface BRDF model must take
into account multiple subsurface scattering accurately.

Adding and doubling method [5] and Discrete Ordi-
nate Methods (DOM) [17], two standard ground truth
methods for light transport computation, can in prin-
ciple be used to compute subsurface BRDFs. Both of
these accurate methods compute radiance field for the
whole volume, and hence are expensive. As BRDF ul-
timately relates only the outgoing radiation field at the
boundary to the incident radiation, radiation field com-
puted for the bulk of the material does not provide any
useful information and hence the effort involved in com-
puting them can be considered as wasteful. So for effi-
cient BRDF computation any method that allows us to
compute the radiance field only at the boundary would
be a preferable choice. The search for such a method
led us to the Ambartsumian’s method [4,12,15]. Our
method for computing subsurface BRDF of the thick
layer material(used as bottom layer in this paper), falls
into this category.

In this paper, we present a practical model for ac-
curately computing the directionally dependent subsur-
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face BRDF for homogeneous bulk materials with a thin
painted layer whose optical properties may be different.
Our subsurface scattering analysis for the bottom layer
is based on the theory introduced by Ambartsumian
[1]. For the painted layer, we make use of the invari-
ant imbedding equation [9], introduced by Pharr and
Hanrahan [14], to derive a formula for computing its
subsurface BRDF. Finally we give the complete BRDF
solution for this two-layered materials by adding the
surface BRDF.

2 Theory

Light interaction by subsurface scattering can be mod-
eled using radiative transfer theory [3]. If the material
is homogeneous and optically thick(no transmittance),
an analytical formula can be derived from the plane-
parallel Radiative Transfer Equation (PRTE) [3]:
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Here the R™ and p™ represent the m!” order Fourier ex-
pansion coefficients of the reflectance function and the
phase function, respectively. « is the single scattering
albedo. 7, stands for the cosine value of the scattering
zenith angle, and n; for the cosine value of the incident
light beam. This equation is termed Ambartsumian’s
integral equation, which relates the Fourier coefficients
of the subsurface BRDF by an integral equation with
single scattering albedo and the Fourier coefficients of
the phase function as the known terms. So these inte-
gral equations can be numerically solved to compute
the subsurface BRDF coefficients and in turn the sub-

surface BRDF.

In order to accurately model how subsurface BRD-
F changes according to a painted thin layer of mate-
rial at the surface, the invariant imbedding equation is
used [9]. The subsurface BRDF of the painted layer can
be computed as follows:
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where A7 is the optical thickness of the painted layer.
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Fig. 1 Results compared with DISORT: the plotted data
shows the subsurface BRDF value at 180° azimuth angle for
blue wavelength. The material used to generated the subsur-
face BRDF is TiO2 as the semi-infinite layer and AlGaAs7
as the top layer with 0.1 optical depth.

3 Numerical computation

Numerical method for computing the Ambartsumian’s
integral equation and the invariant imbedding equation
is discussed in this section.

3.1 Solving R™ and R}, iified

For numerical computation, we convert equation 1 into
a system of n x n algebraic equations:
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Before iteratively solving this equation, we first com-
pute p™(—np,nq) and p™ (np,ng) for each pair of (p, q),
where 7, and 7, are the selected n quadrature nodes in
the interval [0,1]. For accurate and fast integration, a
modified Gaussian quadrature scheme is chosen, which
is originally proposed by Mishchenko et al. [12]. The
quadrature nodes and weights are described as follows:

K ™ K s ™
Nn = cos(ZGn + Z), Wy = ZWnszn(ZGn + Z)’ (4)
where G,, and W,, are the Gaussian quadrature nodes
and weights respectively.

In order to start the iteration, the initial value for
R™(np, ng) 1s set using single scattering approximation.

We apply the same quadrature technique to equa-
tion 2 to compute the modified subsurface BRDF due
to the added thin layer.

3.2 Generating BRDF

The subsurface BRDF for semi-infinite base layer and
two layer material is reconstructed from R™ and R]”_ i:6ed
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TiO2 + AlGaAs7
without surface reflection

TiO2 + AlGaAsT
with surface reflection

GaP + Si0O+
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Fig. 2 A dragon model whose left half is rendered using BRDF of the semi-infinite base and right half with a thin layer painted
on the top. The first and third images on the top row are rendered with subsurface BRDF, the second and fourth images are
rendered using the complete BRDF (surface+subsurface). Associated with each dragon image are the images of three spheres
that are rendered using the BRDF for the base material, the painted material and the two-layer material, respectively.

Table 1 Averaged diffuse reflectance factor

Material R G B
GaP 0.68224 0.66708 0.64471
Si02 0.90465 0.90404 0.90343
TiO2 0.72505 0.71400 0.70362
AlGaAsT 0.67603 0.65280 0.63531

respectively. Moreover, we model surface BRDF using
Torrance-Sparrow BRDF [19].

Any light that is not reflected at the surface is as-
sumed to transmit into the material and undergoes sub-
surface scattering. So the subsurface BRDF should be
modulated by diffuse reflectance factor [6]: (1—pat(w;)).
Thus the complete BRDF becomes the combination of
the surface BRDF R, and the subsurface BRDF Ry :

R(wi,wo) = Rs(wi,wo) + (1 — pat(ws))Ra(ws, wo). (5)

4 Results

We assume that the material is composed of spherical
particles, hence the optical properties, the single scat-
tering albedo and the phase function of the materials
can be computed using Mie theory [10]. For the Mie
theory computation, we choose the power law distribu-
tion [9] for the particle size distribution and the refrac-
tive index of the material is taken from SOPRA opti-
cal database [16]. The subsurface BRDF computation
takes few seconds. We validated our results with results
from DISORT [18]. The comparison is shown in Figure
1. Note that as i approaches to zero, the terms on the
right hand side of equation 2 with 7 in the denominator
approach to infinity and so does R q- To handle

modifie
this situation, we use single scattering approximation

to compute R} jipeq at small 1 values. This results in
a small mismatch with DISORT’s output at those n
values.

Figure 2 displays rendering results using our sub-
surface BRDF model for two different cases: One with
Titanium Dioxide (T%O3) as the base layer and Alu-
minum Gallium Arsenide (70% Al)(AlGaAsT) as a thin
painted layer at the top. The other with Gallium Phos-
phide (GaP) as the base and Silicon Dioxide(Si02) at
the top. The effective radius and effective variance for
power law particle size distribution is set to 50um and
0.2, respectively. Also, the roughness parameter for the
Beckmann microfacet distribution in the surface BRDF
computation is set to 0.3, and the optical depth of the
top layer is set to 0.1. Since the diffuse reflectance fac-
tor of Si0, is high(see Table 1), most of the light is
transmitted into the material, the subsurface BRDF is
predominant in this case, so the difference is less be-
tween BRDF with and without surface BRDF.

Figure 3 shows the rendering of CGI logo using
BRDF from different base and thin layer materials. The
background is composed of base semi-infinite material
and the text in the logo is modeled as a thin layer on the
top of the base. Different roughness values are used for
the materials used in the text in the logo. The rough-
ness for the right side of the text is set to 0.1 and 0.3
for left side. We use Henyey-Greenstein phase function
for the top layer. The optical properties of the top layer
is shown in Table 2.

5 Conclusion and future work

We have presented a model for rendering two-layered
materials with a semi-infinite homogeneous layer at the
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Table 2 Optical properties(single scattering albedo, Henyey-Greenstein phase function’s asymmetry parameter and refractive

index) of the painted materials used for CGI logo

Optical Properties

Logo 1

Logo 2

Logo 3

Logo 4

albedo

asymmetry parameter

refractive index

(0.10,0.90, 0.93)
(0.54,0.46,0.23)
(1.66,3.16, 3.06)

(0.70,0.90, 0.33)
(0.44,0.36, 0.50)
(3.25,2.56, 2.06)

(0.70, 0.90, 0.33)
(0.45,0.38, 0.50)
(3.26,2.56, 2.06)

(0.14,0.90, 0.93)
(0.54,0.49, 0.23)
(1.66,3.16, 3.06)

iter Co

# CGI3:

onal Inte
(2)

5 CGIl3:
(3) “)

Fig. 3 CGI2013 logo rendered using different materials. Base
materials: (1)AlGaAs7, (2)Barium fluoride(BaF3), (3)Iron
silicide(FeSi2), (4)Silicon oxynitride(40% N)

bottom and a thin painted layer on top. We provide an
efficient model for computing subsurface BRDF for such
materials by solving PRTE using the Ambartsumian’s
integral equation for the semi-inifinte base material,
and invariant imbedding method for the paint layer.
We have shown our model’s ability to correctly ren-
der a wide range of materials and we have validated our
model by comparing with solutions from a standard
RTE solvers available in the literature. In the future,
we would like to extend our model to take into account
polarization and multiple finite-layered materials.
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